We construct exact non-perturbative massive solutions in the gravitational Higgs mechanism. They confirm the conclusions of arXiv:1102.4991, which are based on non-perturbative Hamiltonian analysis for the relevant metric degrees of freedom, that while perturbatively unitarity may not be evident, no negative norm state is present in the full nonlinear theory. The nonperturbative massive solutions do not appear to exhibit instabilities and describe vacuum configurations which are periodic in time, including purely longitudinal solutions with isotropic periodically expanding and contracting spatial dimensions, "cosmological strings" with only one periodically expanding and contracting spatial dimension, and also purely non-longitudinal ("traceless") periodically expanding and contracting solutions with constant spatial volume. As an aside we also discuss massive solutions in New Massive Gravity. While such solutions are present in the linearized theory, we argue that already at the next-to-linear (quadratic) order in the equations of motion (and, more generally, for weak-field configurations) there are no massive solutions. 
Introduction and Summary
The gravitational Higgs mechanism gives a non-perturbative and fully covariant definition of massive gravity [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . The graviton acquires mass via spontaneous breaking of the underlying general coordinate reparametrization invariance by scalar vacuum expectation values. 3 Within the perturbative framework, unitarity requires that, in order not to propagate a negative norm state at the quadratic level in the action, the graviton mass term be of the Fierz-Pauli form [49] . Furthermore, higher order terms should be such that they do not introduce additional degrees of freedom that would destabilize the background [50] . 4 In [16] , following [12] , it was argued that perturbation theory appears to be inadequate, among other things, for the purposes of addressing the issue of unitarity. In [16] a non-perturbative Hamiltonian analysis for the relevant metric degrees of freedom was performed and it was argued that the full nonlinear theory is free of ghosts. The main result of [16] is that, in the gravitational Higgs mechanism in the Minkowski background, non-perturbatively the Hamiltonian is bounded from below.
5
In fact, this holds irrespective of whether the perturbative mass term is of the Fierz-Pauli form, including in the simplest case with no higher-derivative couplings in the scalar sector, first discussed in [2] . Even though perturbatively the trace of the metric fluctuations is a propagating ghost, non-perturbatively the theory "resums" and the non-perturbative Hamiltonian is bounded from below.
In this paper we further verify the results of [16] by constructing exact nonperturbative massive solutions in the gravitational Higgs mechanism. These nonperturbative massive solutions do not appear to exhibit instabilities and describe vacuum configurations which are periodic in time. For example, in D = 3 in the model of [2] , we have purely longitudinal solutions with isotropic periodically expanding and contracting spatial dimensions with the metric (0 ≤ ρ < 1)
where M is the naive perturbative graviton mass. 6 This is an exact solution. When the amplitude of the oscillations ρ is large, the perturbative expansion breaks down as is evident upon examining the full nonlinear Hamiltonian H for the longitudinal mode:
which non-perturbatively is positive-definite (the first equality in (2)), but perturbatively, when expanded in the weak-field approximation to the second order in q and ∂ t q, has a fake ghost of mass M (the second equality in (2)).
7
Also in the same model of [2] , in any dimension D, we find exact solutions we refer to as "cosmological strings", of the form:
These solutions are 2-dimensional cosmological defects in a D-dimensional spacetime with only one periodically expanding and contracting spatial dimension. The periodic function ω(t) has a period T , which depends on the oscillation amplitude. For small amplitudes T ≈ 2π/M, where M is the naive perturbative graviton mass.
8
Once higher-derivative terms are added in the scalar sector, 9 there are other exact solutions, including, e.g., D = 3 purely non-longitudinal ("traceless") periodically expanding and contracting solutions with constant spatial volume with the metric of the form
where the amplitude of oscillations ρ and the mass parameter M 1 are determined by the higher-derivative couplings in the scalar sector (see Subsection 7.3 for details). Upon gauging away the scalar degrees of freedom, the simplest non-perturbative massive gravity action (in the Minkowski background) can be written as
which corresponds to the model of [2] without higher-derivative couplings in the scalar sector. 10 This action, albeit nonlinear, allows to obtain various exact solutions, as we have done in this paper.
11 Since non-perturbatively there is no ghost [16] , it might be possible to utilize this model in pursuing one of the original motivations of [2] , namely, string theory description of QCD, where massless spin-2 modes somehow must acquire mass. Another motivation for massive gravity -its largescale modification -is cosmology, including in the context of the currently observed accelerated expansion of the Universe [56, 57] and the cosmological constant.
7 In (2) q is a cannonical variable for the longitudinal mode, κ is a constant, t is the time coordinate (related to but not the same as τ in (1)) w.r.t. which the conjugate momentum for q is defined, and the ellipses stand for higher order terms in q and ∂ t q (see § § 4.2 and 6.1 for details). 8 The explicit form of ω is given in Subsections 7.1 and 7.2. 9 As was first discussed in [5] , higher-derivative terms are required to obtain the Fierz-Pauli term in the perturbative expansion.
10 See Section 2 for the discussion of more general actions that allow for the Fierz-Pauli mass term in the linearized gravity.
11 It would also be interesting to construct black hole solutions in this model.
As an aside we also discuss massive solutions in New Massive Gravity [58] . While such solutions are present in the linearized theory, we argue that already at the next-to-linear (quadratic) order in the equations of motion (and, more generally, for weak-field configurations) there are no massive solutions.
The rest of the paper is organized as follows. In Sections 2 and 3 we discuss the gravitational Higgs mechanism in a general background, which results in linearized massive gravity with the Fierz-Pauli mass term for the appropriately tuned cosmological constant. In Section 4 we discuss non-perturbative massive gravity via the gravitational Higgs mechanism and review the non-perturbative Hamiltonian for the relevant metric modes and its positive-definiteness. In Section 5 we discuss restrictions on higher curvature terms that we use in our discussion of New Massive Gravity in Section 8. In Section 6 we discuss non-perturbative massive solutions corresponding to the longitudinal mode. In Section 7 we discuss non-perturbative non-longitudinal massive solutions. In Section 8 we discuss massive solutions in New Massive gravity.
Gravitational Higgs Mechanism
The goal of this section is to obtain massive gravity in a general background via the gravitational Higgs mechanism. This is a generalization of the setup of [12] for the gravitational Higgs mechanism in the de Sitter space to a general background. Thus, let
where
is an arbitrary generally covariant action constructed from the metric G M N and its derivatives, Λ is the cosmological constant, O (R 2 ) stands for higher curvature terms constructed from R, R M N and R M N ST , and we have included a coupling to the conserved energy momentum tensor T M N :
Let G M N be a background solution to the equations of motion corresponding to (6):
The background metric G M N generally is a function of the coordinates
A . Let us normalize them such that they have dimension of length. Let us define a metric Z AB for the scalars as follows:
i.e., we substitute the space-time indices M and N in G M N with the global scalar indices A and B, and substitute
Next, consider the induced metric for the scalar sector:
Also, let
The following action, albeit not most general, 12 will suffice for our purposes here:
provided that
For non-generic potentials this condition can be constraining. For example, if V (Y ) = a + Y and Λ = 0, we have a = −(D − 2) implying that the vacuum energy density Λ ≡ µ 2 V (0) = aµ 2 in the unbroken phase (φ A ≡ 0) must be negative. However, since µ is an arbitrary mass scale, for generic potentials V (Y ) the above condition is not constraining. In particular, generically there is no restriction on the vacuum energy density Λ = µ 2 V (0) in the unbroken phase, which can be positive, negative or zero, even if one requires that the mass term for the graviton in the linearized theory is of the Fierz-Pauli form (see below).
Linearized Massive Gravity
In this section we discuss linearized fluctuations in the background given by (17) and (18) . Since diffeomorphisms are broken spontaneously, the equations of motion are invariant under the full diffeomorphism invariance. The scalar fluctuations ϕ where
This corresponds to adding a graviton mass term of the form
to the gravity action S G , and the Fierz-Pauli combination corresponds to taking ζ = 1. This occurs for a special class of potentials with
Thus, as we see, we can obtain the Fierz-Pauli combination of the mass term for the graviton if we tune one combination of couplings. In fact, this tuning is nothing but the tuning of the vacuum energy density Λ = µ 2 V (0) in the unbroken phase -indeed, (29) relates the vacuum energy density in the unbroken phase to higher derivative couplings.
Linear Potential
The simplest potential is given by [2] :
From (20) we have
The vacuum energy density in the unbroken phase Λ = µ 2 V (0) is negative for Minkowski solutions. Also, for this potential (29) cannot be satisfied, i.e., we cannot have the Fierz-Pauli mass term, which requires ζ = 1 in (27) and instead we have ζ = 2. Perturbatively, the trace h ≡ G M N h M N is a propagating ghost degree of freedom. However, as was argued in [16] , non-perturbatively there is no ghost and the Hamiltonian for the relevant degrees of freedom (see below) is bounded from below. To achieve the Fierz-Pauli mass term, higher derivative terms for scalars are needed [5] .
Quadratic Potential
Thus, consider a simple example:
The first term corresponds to the vacuum energy density Λ = µ 2 V (0) in the unbroken phase, the second term is the kinetic term for the scalars (which can always be normalized such that the corresponding coefficient is 1 by adjusting µ), and the third term is a four-derivative term. From (29) we then have:
and the graviton mass is given by:
Moreover, from (20) we have:
which is nothing but tuning of the vacuum energy density Λ = µ 2 V (0) in the unbroken phase against the higher derivative coupling µ 2 λ. Here the following remark is in order. In the above example with the quadratic potential (32) the vacuum energy density Λ = µ 2 V (0) in the unbroken phase must be negative in the case of the Minkowski background ( Λ = 0). However, generically, there is no restriction on Λ, even in the case of the Minkowski background, if we allow cubic and/or higher order terms in V (Y ), or consider non-polynomial Y (Y ).
Exponential Potential
Thus, consider another simple example:
Then from (29) we then have:
and from (20) we have:
In this case the vacuum energy density in the unbroken phase Λ = µ 2 V (0) = a + b can therefore be positive, negative or zero depending on the value of the parameter b irrespective of the value of Λ.
Square-root Potential
Finally, consider the following non-polynomial potential:
From (29) we have:
and from (20) we further have
An interesting feature of this square-root potential is that there is no unbroken phase as we must have Y ≥ (D − 1).
Non-perturbative Massive Gravity
The gravitational Higgs mechanism provides a non-perturbative definition of massive gravity in a general background. Thus, if we use diffeomorphisms to gauge away the scalars by fixing them to their background values (17) , the full non-perturbative action is then given by 
with the Bianchi identity
which is equivalent to the gauge-fixed equations of motion for the scalars.
An Example: Schwarzschild Background
This construction allows to define massive gravity in nontrivial curved backgrounds. The de Sitter background was discussed in [12] . Another example is the Schwarzschild background, for which the background metric G M N is given by:
and γ ab is a metric on the unit sphere
This, provides an explicit construction of massive gravity in the Schwarzschild background (not to be confused with a construction of Schwarzschild-like solutions in massive gravity).
Unitarity: Minkowski Background
Following [12] and [16] , in this subsection we discuss unitarity of massive gravity via the gravitational Higgs mechanism in the Minkowski background by studying the full non-perturbative Hamiltonian for conformal and helicity-0 modes. This suffices to deduce whether there are any additional degrees of freedom that destabilize the background, assuming that transverse-traceless graviton components are positivedefinite.
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To identify the relevant modes in the full nonlinear theory, let us note that in the linearized theory the potentially "troublesome" mode is the longitudinal helicity-0 mode ρ. However, we must also include the conformal mode ω as there is kinetic mixing between ρ and ω. In fact, ρ and ω are not independent but are related via Bianchi identities. Therefore, in the linearized language one must look at the modes of the form
Furthermore, based on symmetry considerations, namely, the SO(D − 1) invariance in the spatial directions, 15 we can focus on field configurations independent of spatial coordinates [12, 16] . Indeed, for our purposes here we can compactify the spatial coordinates on a torus T D−1 and disregard the Kaluza-Klein modes. This way we reduce the D-dimensional theory to a classical mechanical system, which suffices for our purposes here. Indeed, with proper care (see [12] ), if there is a negative norm state in the uncompactified theory, it will be visible in its compactified version, and vice-versa.
Let us therefore consider field configurations of the form:
13 In some cases with higher curvature terms transverse-traceless graviton components are not necessarily positive-definite. In such cases our discussion here assumes that no higher-curvature terms are present.
14 However, as was discussed in detail in [12, 16] , this naive intrinsically perturbative parametrization is inadequate, among other things, for addressing the issue of unitarity. 15 Indeed, negative norm states cannot arise from purely space-like components or spatial derivatives, and are due to time-like components and/or time derivatives.
where g(t) and f (t) are functions of time t only. The action (42) then reduces as follows:
and W D−1 is the volume in the spatial dimensions (i.e., the volume of T D−1 ). Also, the k = 1 term in (52) corresponds to the Einstein-Hilbert term, while the k > 1 terms (the sum over k, a priori, can be finite or infinite) correspond to the O (R 2 ) terms and we are assuming that the O (R 2 ) are such that only first time-derivatives of f appear, which imposes certain conditions on the higher curvature terms (see below). Also, note that g is a Lagrange multiplier. We can integrate out g and obtain the corresponding action for f . It is then this action that we need to test for the presence of a negative norm state.
However, there is a simple way to see if the Hamiltonian is positive-definite. The equation of motion for g reads:
For our purposes here it is more convenient to work with the canonical variable q, where
and the action reads:
where L is the Lagrangian. This action corresponds to a classical mechanical system with a lagrange multiplier g.
Next, the conjugate momentum is given by
where we have used (56) to eliminate terms containinĝ
and the Hamiltonian is given by
where we again used (56) . Actually, this Hamiltonian can be obtained up to a normalization constant from (16) , which for the field configurations (49) reduces to
This is nothing but the condition that the Hamiltonian is constant.
Linear Potential
The Hamiltonian is evidently positive-definite for the linear potential V = a + Y of [2] , 17 in complete agreement with the full Hamiltonian analysis of [11] (see [16] for details). As was pointed out in [16] , the absence of ghosts in the full non-perturbative theory despite the fact that for the linear potential we do not have the Fierz-Pauli mass-term, is yet another illustrative example of pitfalls of linearization.
Quadratic Potential
The proof that the Hamiltonian is positive-definite for the quadratic potential (32) is given in [16] for the Einstein-Hilbert case (c k>1 = 0 in (52)). The proof in the case of general Q(gU 2 ) is essentially the same with the substitution c 1 gU 2 → Q(gU 2 ) assuming that c k>1 ≥ 0.
Exponential Potential
The Hamiltonian is evidently positive-definite for the exponential potential (36) with bλ < 0. In fact, ghosts are absent even without requiring (37) , which is the requirement that the linearized mass term be of the Fierz-Pauli form.
Square-root Potential
The Hamiltonian is evidently positive-definite for the square-root potential (39) . This is consistent with the full Hamiltonian analysis of [11] for this potential. 18 
Unitarity: de Sitter Background
The unitarity argument for the de Sitter background closely parallels that for the Minkowski background. In the de Sitter case we consider field configurations of the form:
where g(t) and f (t) are functions of time t only, and G M N is the de Sitter metric, which we can choose as follows:
where H is the Hubble parameter. The above unitarity argument for the Minkowski background is essentially unchanged if we define
as the canonical variable.
Restrictions on Higher Curvature Terms
In the previous section we assumed that (52) does not contain higher derivative terms. This imposes restrictions on higher curvature terms. Here we discuss these restrictions in the case of terms quadratic in curvature. The most general quadratic curvature contribution to the action is given by:
(68) The Gauss-Bonnet combination does not introduce higher derivatives. The other two terms do not contribute higher derivative terms provided that
and in this case we have (c k>2 = 0):
Note that c 2 vanishes for D = 4. The same is the case for D > 4 and
when the quadratic curvature contribution is of the form:
where C M N ST is the Weyl tensor and the theory is at a critical point discussed in [59] with a unique vacuum.
Here we should point out that our discussion of higher-curvature terms in this section is motivated primarily by our discussion of New Massive Gravity in Section 8 (as opposed to in the context of the gravitational Higgs mechanism).
Non-perturbative Longitudinal Solutions
In this section we discuss non-perturbative solutions to the equations of motion in the Minkowski background with the aim to further demonstrate that, despite apparent issues with perturbative unitarity, e.g., in the case of the linear potential where perturbatively there is a propagating ghost, non-perturbatively no negativenorm states appear and the background appears to be stable. In most cases solving highly nonlinear equations of motion analytically is challenging. However, there are two cases of interest where the equations of motion are tractable. In this section we will assume that no higher-curvature terms are present.
Linear Potential
Let us start with the linear potential. From (56) we have
where we have used (31) together with Λ = 0. Furthermore, from the condition that the Hamiltonian is constant, we have:
We therefore have the following first-order equation for q:
where we have used the following identity
along with the definitions of Ω and c 1 . Note that from (76) we have ν ≤ 1. The equation of motion (76) can be solved in the D = 3 case, which suffices for our purposes here:
where t 0 is an integration constant. Note that, due to (74), we have
The metric is given by
Let us redefine the time coordinate as follows:
Then we have
where τ 0 is an integration constant. In terms of this new time coordinate τ we have:
The non-perturbative Hamiltonian for the linear potential in general dimension D is given by:
If we naively expand the Hamiltonian in the weak-field approximation to the second order in q and ∂ t q, we obtain:
where the ellipses stand for higher order terms in q and ∂ t q. This naive expansion produces a ghost of mass M * = √ 2µ, which is precisely the mass of the perturbative would-be ghost -the trace h -in (25) when ζ = 2.
19 However, non-perturbatively there is no ghost as the Hamiltonian is positive. Instead, we have non-perturbative oscillations with the same mass parameter M * , but with the amplitude controlled by ν. This amplitude is small for ν = 1 − ǫ, where ǫ ≪ 1. However, if ν is not close to 1, then the perturbative expansion breaks down. Therefore, the presence of a ghost in the perturbative expansion is merely an artifact of linearization.
For the sake of completeness, let us note that the equation of motion for general D in terms of the time coordinate τ reads:
with g
and τ is related to t via (81).
Square-root Potential
As was argued in [16] , in the case of the quadratic potential the Fierz-Pauli point is not special in any way as far as non-perturbative unitarity is concerned, in fact, non-perturbatively the Hamiltonian is bounded from below for a continuous range of values of the four-derivative coupling λ in ( From (56) we have
Furthermore, from the condition that the Hamiltonian is constant, we have:
19 For general ζ = 1, perturbatively the mass of the propagating trace component h is given by M
where ν is defined in (75). Let us define a new time coordinate t via
We then have the following equation for f :
Let us define
We have
One solution is f ≡ 1, i.e., f ≡ 1, which implies ν = 1/2. Note that g is arbitrary in this case and can be absorbed into the definition of the time coordinate. To see if there are any other solutions, let us consider the D = 3 case, which suffices for our purposes here. In D = 3 a nontrivial solution to (94) is given by
where t 0 is an integration constant. This implies that f ≤ 1 and f ≥ 1. Note that the metric is given by
and from (90) we have
so we must have f < 1/(2ν) and f > 2ν, i.e., ν < 1/2. On the other hand, from (43) (with the higher curvature terms and the source term set to zero), we have for the scalar curvature
So, in the above solution (95), when f approaches 1/(2ν) from below, which occurs at
the scalar curvature R diverges (R → +∞) as g diverges and we have singularities at t ± . Furthermore, as f approaches 1 from above, which occurs when
the scalar curvature R also diverges (R → −∞) as g goes to zero.
As in the previous subsection, let us introduce the time coordinate τ defined via
Then the metric reads
Since g
as t approaches t ± , it takes finite time τ to reach the singularities at t = t ± , which are therefore true (not coordinate) singularities. The singularity at t = t 0 is also a true singularity. Therefore, the solution (95) with ν < 1/2 is a singular solution, which appears to be non-physical, and should be discarded. 20 This leaves us with the sole non-singular solution f ≡ 1 with ν = 1/2.
Thus, what is "special" at the Fierz-Pauli point is that non-perturbatively there appears to be no dynamics associated with the longitudinal mode. In contrast, as we saw in the previous subsection for the linear potential, at a non-Fierz-Pauli point we have oscillating non-perturbative solutions with the mass scale M * = √ 2µ, same as the mass of the would-be perturbative ghost; however, non-perturbatively there is no ghost and the Hamiltonian is bounded from below.
Full Equations of Motion
In this subsection we check that the solutions we found using the above Hamiltonian approach satisfy the full equations of motion. We are looking for the solutions of the form:
Note the relation to our notations above: u = g −1 and A = −q. We have:
where a prime on A and u denotes a time derivative (not to be confused with a prime on the potential V defied above). The equations of motion (43) and (44) read (assuming the Minkowski background metric G M N = η M N and no source or higher curvature terms):
Therefore, for the metric (104) we have:
where ν is an integration constant and the last equation for u follows from the Bianchi identity (109). Combining these equations, we have:
For the linear potential V (X) = X − (D − 2) we recover (76). Furthermore, the second-order equation for A reads
which follows from the first-order equation (76).
Non-perturbative Non-longitudinal Solutions
In the previous section we saw that non-perturbatively in the case of the linear potential (non-Fierz-Pauli point) we have oscillating solutions corresponding to the longitudinal mode with the mass parameter M * = √ 2µ, same as the mass of the would-be perturbative ghost; however, non-perturbatively there is no ghost, the Hamiltonian is bounded from below, and the aforementioned non-perturbative oscillating solutions appear to be well-behaved. In the case of the square-root potential (Fierz-Pauli point) there appears to be no dynamics associated with the longitudinal mode. In this section we study full non-perturbative equations including non-longitudinal modes, i.e., the modes other than f (and g). Our goal is to study non-perturbative massive solutions. For massive solutions we can focus on field configurations with no spatial dependence. This can be thought about in two ways. In the rest frame of a massive object the spatial momenta vanish, so a solution to the (nonlinear) "wave" equation depends only on time. 21 Alternatively, as in Subsection 4.2, we can compactify the spatial coordinates on a torus T D−1 and disregard the Kaluza-Klein modes. This is a valid approximation for slow-moving massive objects.
We will therefore look for solutions of the following form, which depend only on time t:
While u(t) > 0 in the metric can be absorbed into the definition of time via dτ = u 1/2 dt, we must keep it for the purpose of solving the equations of motion because diffeomorphisms are broken by the potential V and u contributes into V .
For the above field configurations we have:
The equations of motions read:
When u ≡ 1 and G ij = η ij (the Minkowski background), we have X = D.
From the Bianchi identity (125) we have
where ν is an integration constant. In the general case solving the above nonlinear equations analytically is challenging (albeit not impossible -see Subsection 7.3 below). For the linear potential V (X) = X − (D − 2) we have substantial simplifications. First, from (127) we have
and (119) simplifies as follows:
So the equations of motion read:
From the G ij equation we also have
We will now analyze the above equations.
Three Dimensions
In D = 3 we have the following simplification:
so we have
Using (133) we also have
If we assume that χ = 2, then from (136) it follows that ξ = 0 and det(G ′ ij ) = 0. However, in D = 3 this would imply that G ij = η ij . Indeed, if χ = 2, then we have G ij = η ij + a (σ 3 ) ij + b (σ 1 ) ij , where σ 1 and σ 3 are the Pauli matrices, and det(G
2 , so ξ = 0 implies that a and b are constant (and can be set to 1 by rescaling the spatial coordinates). This means that for the linear potential in D = 3 nontrivial solutions always involve a mixture of the longitudinal and non-longitudinal modes.
To summarize, our equations of motion read:
We have the following solution:
and u is a solution to the following equation:
and
where η is an integration constant,
and we have Φ(ω) ≥ 0 and η ≥ 0. For η = 0 we have a trivial solution ω ≡ 0 (and u ≡ 1). For η > 0 we have solutions oscillating between ω − and ω + , where ω − and ω + are the negative and positive roots of the equation
and the period of these oscillations is given by:
For η ≪ 1 we have T ≈ 2π/( √ 2µ), which is consistent with fact that in this case perturbatively the mass of both the longitudinal (see Subsection 6.1) and of the non-longitudinal (see (27) ) modes is √ 2µ. However, if η is not small, then the oscillation period depends on the amplitude, which is controlled by η. Furthermore, non-perturbatively we have no ghost.
The above oscillating solutions are interesting because only one of the spatial directions expands and contracts, while the other does not. Such unisotropically oscillating solutions may have interesting applications in the context of cosmology.
Finally, let us note that the above solution can be rotated, and the following is also a solution to the equations of motion:
where u is the same as above and α is a constant.
"Cosmological Strings"
Looking at the equations of motion for the linear potential for general D, it is evident that solutions with only one oscillating spatial direction exist in any D. Up to SO(D − 1) rotations, these solutions are given by:
and the metric is given by
where ω is an oscillating solution to the equation (151) with the period T given by (154). In terms of the time coordinate τ defined via
we have the metric
The oscillation period in terms of the time coordinate τ is given by
and ω ± are defined in (153). These solutions are 2-dimensional cosmological defects -"cosmological strings" -in a D-dimensional space-time. Unlike static cosmic strings, cosmological strings are not static objects. The cosmological sting solutions we found here have the length scale ("warp" factor) in one spatial dimension oscillating in time, while the other (D − 2) spatial dimensions remain static and flat.
Cosmological strings arise in the gravitational Higgs mechanism because diffeomorphisms are spontaneously broken. Indeed, for the metric of the form (164) and, more generally, for any metric of the form
where the metric γ µν , µ, ν = 0, 1 is independent of x i , i > 1, we have
and the Einstein tensor
G M N R is given by:
So, to have such solutions, we must have non-vanishing E ij in the transverse directions i, j > 1. This is precisely what transpires in the gravitational Higgs mechanism with the linear potential V (X) = X − (D − 2). In fact, it is not difficult to see that such solutions exist for no other potential V (X) (albeit a priori this does not exclude more general cases -see footnote 12 hereof).
Constant-volume Solutions
Above we discussed non-perturbative solutions for the linear potential. In this subsection we discuss purely non-longitudinal solutions, which we will also refer to as "traceless" solutions, for which
For the general potential V (X) we can achieve a simplification by working in D = 3 and considering constant-volume solutions for which
In this case the equations of motion simplify as follows:
where the first equation follows from the ij component of the equations of motion (124), while the second equation follows from the 00 component, and
The 00 component of the metric, u ≡ −G 00 , is determined via (127), which follows from the Bianchi identity (125):
where ν is an integration constant. Note that in D = 3, when η ij h ij = 0, we have
−1 is constant as we have (176), so both X and u are also constant. Then from (178) it follows that ξ is also constant. We therefore have:
A solution is given by
and ρ is subject to (184). Using ρ 2 = (X − 3)/(X + 1) and u = 2/(X − 1), (184) reduces to
Note that due to (20) this equation always has at least one solution, namely, X = 3 (so u = 1 and ρ = 0), which is simply the Minkowski background. Also note that, in agreement with our results in Subsection 7.1, for the linear potential V (X) = X − 1, this is the only solution. However, for nonlinear potentials we can have other nontrivial solutions to (194) . Such a solution X = X * must satisfy two conditions: X * > 3 (so that ρ 2 is positive -in this case u is also positive) and V ′ (X * ) > 0 (so that M 2 is positive). We have such a solution already for a quadratic potential:
For this potential (194) has two solutions: X = 3 and X = X * . We can choose X * > 3. We also have V ′ (X * ) = 4λ(X * + 1), which is positive for λ > 0. If we compute perturbative mass squared and ζ via (26) and (27) , we get M 2 = 2µ 2 λ(X * + 3) > 0 and ζ = 2(X * + 5)/(X * + 3), so perturbatively the traceless components have positive mass squared, and so does the trace component (as 1 < ζ < 3 -see footnote 19 hereof), albeit perturbatively the trace component is a propagating ghost (this is a non-Fierz-Pauli point), while non-perturbatively there is no ghost as the Hamiltonian (63) is evidently positive-definite in this case.
Let us rescale the time coordinate via
. Finally, let us mention that in the above constant-volume traceless solutions the amplitude ρ of the oscillations is determined by the higher-derivative couplings in the scalar sector. Indeed, ρ is fixed by X * , which in turn is fixed via the higherderivative coupling once we normalize the kinetic term, i.e., the term linear in X in (195), by setting 2λ(X * + 2) = 1. Also note that ρ is small when X * − 3 is small.
An Aside: New Massive Gravity
In this section, as an illustrative aside, we discuss a simple application of the methods discussed in the previous section to New Massive Gravity [58] , which appears to confirm the results of [60] obtained via a different framework. For computational convenience, our discussion here will be for general dimension D and a general higher derivative gravity action (without any scalars or breaking of the diffeomorphism invariance) subject to the restrictions on higher curvature terms that (52) does not contain higher derivative terms (see Section 5). We will then apply it to the particular case of New Massive Gravity.
For the field configurations of the form
the dimensionally reduced action reads
and Q(gU 2 ) is given by (52) . The g equation of motion reads:
The Hamiltonian H = 0, which is due to the fact that diffeomorphisms are unbroken. Due to (201), the q equation of motion reduces to
Let us introduce the time coordinate τ via
The metric reads
We then have
where x * is a solution to the equation
So, we have a Minkowski solution as x * = 0 is a solution to (206). Depending on Q, there might also exist other solutions. Consider the case of quadratic Q:
Then we have an additional solution
For the action
we have (see Section 5)
where we are assuming D = 4. 22 For σ = −1 we have de Sitter background q = Hτ with the Hubble parameter H and the cosmological constant Λ:
In D = 3 this reproduces the known results in New Massive Gravity. Our point here is that, with the restrictions of Section 5, only first time-derivatives appear in action (199) and no trouble is expected with the longitudinal mode. This is evident in the language of g and f , and appears to be much more nontrivial in the usual perturbative parametrization (see [60] ). In particular, non-perturbatively there is no unusual dynamics associated with the longitudinal mode, which simply determines the choice of the background (Minkowski or de Sitter). Therefore, there appears to be no issue with unitarity in New Massive Gravity. What is less evident is whether there exist non-perturbative massive solutions for the non-longitudinal modes as they do in the gravitational Higgs mechanism (see Section 7). In this regard, it would be interesting to apply the methods discussed in Section 7 to New Massive Gravity and see if there exist non-perturbative massive solutions to the (highly nonlinear) equations of motions. We will do this in the remainder of this section.
No Cosmological Strings in New Massive Gravity
In the gravitational Higgs mechanism, in the previous section, we found cosmological string solutions. Here we show that such solutions are absent in New Massive Gravity. As before, for computational convenience we will work in the general dimension D. We start with the action (199). The equations of motion read:
For any metric of the form
The equations of motion (219) then imply that
which only have a trivial solution R = 0 assuming σ = 0. For σ = 0 (no EinsteinHilbert term) we can satisfy the second equation if the condition 3α + β = 0 is satisfied. 23 However, these cannot be massive solutions. This can be seen by transforming the 2-dimensional metric γ µν into a conformally flat form. Alternatively, if we look for solutions that depend only on time t (see the discussion at the beginning of Section 7), then we invariably have R = 0. So, there are no cosmological strings in New Massive Gravity. 24 
Analysis of Massive Solutions
In this subsection we study full non-perturbative equations in New Massive Gravity in the context of non-perturbative massive solutions. The theory has full diffeomorphism invariance. Therefore, we can always set G 00 = 1 and G i0 = 0. For the remaining metric components we look for solutions that depend only on time t. We then have
Using our formulas in Section 7, in D = 3, which we focus on here, we have
where ξ is defined in (135). In D = 3 we have the following identity:
We are assuming that det(G kl ) > 0. It then follows that
On the other hand, the equation of motion (219) in D = 3 implies that
23 This condition is not satisfied in New Massive Gravity in D = 3. This condition is the same as (69) in D = 4, in which case we simply have Weyl gravity up to the Gauss-Bonnet combination, which is a total derivative in D = 4. 24 In the gravitational Higgs mechanism we found cosmological string solutions for the linear potential.
where we have set β = 1/m 2 and σ = −1. Furthermore,
From (234) and (235) it follows that
Furthermore, from the 00 component of the equation of motion (236), we also have:
where we have taken into account that E 00 = R 00 + R/2 = z and that ∇ 2 0 E 00 = E ′′ 00 . Finally, the ij components of the equation of motion (236) read
where we have used (233), (230) and (238). Let
Note that G ij R ij = 0. Using (230) and the fact that ∇ 
Also,
so (238) reads
Note that G ij = e −2Ht η ij is a solution to (238), (239) and (240) for H 2 = 4m 2 . Indeed, in this case we have R ij = 2H 2 G ij , R 00 = −2H 2 , z = H 2 and R = 6H 2 . This is the de Sitter solution discussed above. However, what we are interested in here is finding massive solutions. Just as in the case of gravitational Higgs mechanism, we expect that if such solutions exist, they should exist for weak-field configurations.
Linearized Approximation
In the linearized approximation
and one keeps only the terms linear in h ij in the equations of motion. Thus, we have
where h ≡ η ij h ij . Note that the leading term in z is quadratic in h ij , so z (1) = 0. Both (238) and (239) then require that
and at this order the trace component vanishes: h (1) = 0. We have
so the equations of motion (219) give
which are solved by solutions to the equations
which are massive oscillating solutions.
Next-to-linear (Quadratic) Order
Let h
ij be an arbitrary nontrivial solution of (254). We have h (1) = 0 and
Using (254) we then have
Here C is an integration constant (C ′ ≡ 0) -(256) can be obtained by differentiating (255) w.r.t. t and using (254). Note that, unless h (1) ij ≡ 0, we have det(∂ t h (1) ij ) < 0 and det(h 
At the quadratic order in h ij and its derivatives, (238) and (239) then give, respectively:
which implies that C = 0 and h (1) ij ≡ 0. Thus, as we see, the quadratic order equations of motion have no massive oscillating solutions around the Minkowski background.
Non-perturbative Argument
The fact that perturbatively there are no massive solutions at the next-to-linear order indicates that either massive solutions do not exist or they cannot be treated perturbatively. Here we wish to see this without doing perturbative expansion. If there are massive solutions, we expect that they should be traceless, i.e., in the decomposition G ij = η ij + h ij , without assuming that h ij are small, we have h ≡ η ij h ij = 0. For such field configurations we have η ij G ij = 2 and
From (242) we then have
where we have used (239). Note that this equation is exact for all traceless field configurations with η ij G ij = 2. It is now clear that there are no massive solutions corresponding to weak-field configurations. Indeed, for such field configurations |R| and |z| are small compared with m 2 , so the last three terms on the r.h.s. of (262) are small and can be neglected. However, the resulting equation R ′′ = 8m 2 R does not correspond to oscillating massive solutions; instead, it has exponentially growing solutions, which implies that the weak-field assumption is incorrect to begin with. 25 We can show directly that there are no constant-volume traceless solutions. Constant-volume solutions are defined as those with [det(G ij )] ′ ≡ 0. For such solutions we have R = −2z. Then (239) and (262) imply that z = 0 or z = 6m 2 /25. However, for traceless configurations z < 0 unless h ij ≡ 0. This shows that there are no constant-volume traceless solutions.
